We compute corrections to both the isovector anomalous magnetic moment and the isovector electromagnetic current of the nucleon to O(p 3 ) in the framework of covariant two-flavor Baryon Chiral Perturbation Theory. We then apply these corrections to lattice data for the anomalous magnetic moment from the LHPC, RBC & UKQCD and QCDSF collaborations.
I. INTRODUCTION
One of the major challenges in nuclear physics today is to understand the structure of the nucleon arising from QCD dynamics. Major progress is made by the continuous improvement of lattice QCD, see e.g. [1] . However, in some cases results obtained from lattice simulations do not seem to extrapolate naturally to the experimentally known results. A prominent example are the lattice data for the electromagnetic form factors of the nucleon, a quantity for which high precision experimental data is available [2] [3] [4] [5] . It is rather plausible that this mismatch is due to the strong dependence on pion mass but quantitative numerical proof is still missing.
The computation of observables on the lattice in general suffers from a number of systematic uncertainties: Both lattice spacing and lattice volume are finite, and simultaneously most simulations use quark masses that are much larger than the physical ones. Thus the quality of lattice results depends on the control over a threefold extrapolation: the continuum extrapolation (a → 0), the extrapolation to the thermodynamic limit (V → 0) and the chiral extrapolation (m q → m phys q ).
Therefore it is important to study all observables as functions of the quark masses or equivalently, as functions of the squared pseudoscalar mass. It is also desirable to be able to make a prediction of how large finite volume effects are for a certain observable. A suitable framework that allows one to predict pseudoscalar mass dependence as well as volume dependence for baryonic observables is called covariant Baryon Chiral Perturbation Theory (BChPT). It has been shown that BChPT provides good chiral extrapolations [6, 7] while controlling finite volume corrections [8] [9] [10] [11] .
In this paper we investigate the size of finite volume effects for nucleon form factor calculations. We work out the finite volume corrections to the anomalous magnetic moments of the nucleon to O(p 3 ) in two-flavor BChPT. We then confront these corrections with lattice data. Using techniques presented in [12] we also calculate the finite volume corrections to the electromagnetic current J µ .
II. FINITE VOLUME CORRECTIONS TO THE ISOSCALAR AND ISOVECTOR ANOMALOUS MAGNETIC MOMENT OF THE NUCLEON
We employ SU (2) f BChPT as introduced in Ref. [13, 14] . In this effective field theory, the elementary degrees of freedom are the pseudo Goldstone bosons (the pion fields) and the nucleon fields. In particular, we make use of the so-called modified infrared regularization scheme (IR) as described in [6, 15] . This regularization scheme is a modification of the infrared regularization proposed in Ref. [14] .
To calculate the anomalous magnetic moment of the nucleon to O(p 3 ), the effective Lagrangian
is needed. The contributions
have been taken from Refs. [16, 17] . The Dirac and Pauli form factors of the nucleon F 1 (Q 2 ) and F 2 (Q 2 ) are defined as follows:
where
γ µ d denotes the electromagnetic current, p, p are the initial and final nucleon momenta, s, s are the spin vectors and the momentum transfer q is defined as q = p − p. Furthermore, Q 2 = −q 2 denotes the virtuality of the photon and M N is the nucleon mass (M N = 939 MeV). Here, η is a two-component vector describing the isospin content, i.e. η = (1, 0) T represents a proton and η = (0, 1) T represents a neutron. We have F 1 (0) = 1 for the proton because J is a conserved quantity and F 2 (0) measures the anomalous magnetic moment in nuclear magnetons. The nucleon form factors are related to the isoscalar and isovector form factors via
Thus, we find the following relations for the nucleon matrix elements of the electromagnetic current: 
ππ .
Here, J µ (s) and J µ (v) denote the isoscalar and isovector currents. The isovector and isoscalar form factors are linear combinations of the quark form factors:
Furthermore, we define κ v ≡ F
2 (0) = 3.71 at physical m π . For the isovector form factor, the disconnected diagrams, which are usually omitted in lattice simulations, cancel in the isospin limit, while for the isoscalar form factor, omitting them adds another source of uncertainty.
In this work, we calculate the finite volume corrections in two different ways: in this section, we assume that Lorentz invariance is still intact and we directly calculate the corrections for the anomalous magnetic moments. In sect. IV we assume Lorentz invariance is broken and thus, we have to calculate the corrections to the matrix elements of the electromagnetic current because these matrix elements can no longer be decomposed into two form factors.
The leading order corrections to the anomalous magnetic moments come from the Feynman diagrams shown in Fig. 1 and the finite volume corrections are calculated from the same Feynman diagrams. We do not impose any restrictions on the time direction, whereas for the spatial directions, we assume periodic boundary conditions. If the spatial volume L 3 is not too small, the finite volume effects stem primarily from pions propagating around the spatial box. This leads to the so-called p-expansion, which is valid for small pion masses and large
To calculate the finite volume corrections from these Feynman diagrams, we make the following replacement when integrating over all possible loop momenta k = (k 0 , k):
In the sum, k represents a discrete set of momenta that are allowed for a box with periodic boundary conditions and a spatial length L, i.e. k = 2π(n x , n y , n z ) T /L, where n x , n y and n z are integer numbers. Using Lorentz decomposition, all appearing tensor integrals can be reduced to scalar integrals (see Appendix B). Using the definitions
where p represents the nucleon four momentum, the O(p 3 ) result for the finite volume corrections can be written as follows:
Here, g A and f π should be taken in the chiral limit, but to the order these corrections have been calculated, using the physical values is accurate. Note that (other than L) no 
III. COMPARISON WITH RESULTS FROM LATTICE QCD
Using the input parameters given in Table III we can calculate the infinite volume quantities from the raw lattice data by first rewriting κ v , given in lattice magnetons (short l.m.), in terms of nuclear magnetons (short n.m.) via the equation [18] 
and then subtracting the finite volume corrections from this normalized quantity:
In Table III significantly. From Table I we can clearly conclude that the finite volume corrections are considerably large although m π L ≈ 3.8 for the smallest pion masses. This set of finite volume corrected isovector anomalous magnetic moments can be used as input for the second fit.
The O(p 4 ) BChPT formula for the anomalous magnetic moment is presented in Ref. [15, 19] and is of the following form:
Note that we distinguish between M 0 , which is the nucleon mass in the chiral limit, and observables considered. The results of these fits are presented in fig. 3 . As one can see, the finite volume corrected lattice data does not naturally extrapolate to the known value at the physical point. This is most likely due to a lack of information in the region where one expects a lot of curvature (notice that in the interval 300 MeV < m π < 500 MeV all values are around κ v ≈ 2.4 within errorbars). Using Eq. (D1), one can calculate the corrections to the nucleon matrix element of the electromagnetic current for various momenta p and q = (q 0 , q). All formulae calculated with BChPT are applicable for small q 2 (in Ref. [23] it was suggested that |q 2 | ≤ 0.1 GeV 2 ). We choose the lowest possible momentum transfers, i.e. q ∈ 2π/L{(1, 0, 0)
Furthermore, we only consider spin projections along the z-axis. We then compare the matrix elements of the corrections to the infinite volume matrix elements using the O(p 3 ) BChPT results calculated in [15, 19] . These take the form
where the O(p 3 ) results for the slopes ρ 
To arrive at q 2 ≤ 0.1 GeV 2 we choose the spatial length of the box to be L = 3.87 fm which is significantly larger than the volumes available in current lattice simulations. For the numerical evaluation we truncate the infinite sum at |n i | = 3 and we have used the low energy constants tabulated in Tab. III, which are taken from [15] . They show clearly that to extract F 1 (q 2 ) and F 2 (q 2 ) one first has to correct the finite volume results. Again, one finds that the finite volume corrections to the matrix element of the electromagnetic current can be of O(10%), even for rather large box lengths L.
V. CONCLUSION
The results of our work can be summarized as follows:
1. We have calculated the finite volume corrections to the anomalous magnetic moments κ s,v of the nucleon in the framework of SU (2) f covariant BChPT assuming Lorentz invariance is still intact.
2. We have found these corrections to be of O(10%) for pion masses smaller than m π < 300 MeV and box lengths of L ≈ 2.5 fm.
3. The chiral extrapolation of the finite volume corrected lattice data for κ v still does not yield the experimentally known value. This is most likely due to the lack of information in the region 138 MeV < m π < 250 MeV. Partly, these discrepancies might also originate from simulating two instead of three dynamical quark flavors. 6. The problem that the lattice data does not naturally extrapolate to the experimentally known value for κ v can not be solved by taking finite volume corrections into account.
However, having data for pion masses smaller than 250 MeV and then applying these finite volume corrections should yield a reasonable result. TABLE II: Low energy constants used as input parameters for the fitting procedure taken at a renormalization scale λ = 1 GeV. The two sets parameters c 2 , c 3 , c 4 are taken from [24] while M 0 , c 1 and e r 1 were provided by [25] . For all calculations, we have used the following definition for the standard scalar integrals:
Here,m and M are two generic mass parameters, m denotes the number of meson propagators and n represents the number of nucleon propagators. By utilizing Feynman parametrization, the integrals H 10 , H 01 and H 11 can be calculated analytically. They take the following form: 
Here we have introduced the quantity
which contains both the pole as well as some numerical constants. γ E is the EulerMascheroni constant. All tensorial integrals of the form
are calculated using the definitions
and H
(1,2,3) 12 take the following form:
Using the following general properties of the scalar integrals
that are valid for n = 0 and m = 0 respectively, one finds that
where α = 1, 2, 3. The same principle can be used to calculate H (α) 21 . When employing infrared regularization [14] or modified infrared regularization [15] in order to obtain properly renormalized, scale independent results it is neccessary to calculate infrared integrals. After combining the meson propagator with the nucleon propagators using Feynman parametrization, one extends the integration
and thus defines the infrared integrals I mn . As described in Ref. [14, 15] , we can now
which corresponds to the decomposition I mn = H mn + R mn , where R mn are called regulator functions. For the functions containing only meson or nucleon propagators, we define
Additionally, the infrared integral I 11 and thus the regulator function can be calculated analytically, yielding 
For p 2 = M 2 one finds that this expression reduces to
expression:
From this expression, the results for the tensorial integrals
can be derived by simply calculating derivatives with respect to A i and A j . Thus, the results take the form 
This result agrees with the result derived in Ref. [27] .
Appendix D: Corrections to the electromagnetic current
In this section, the results for the recalculation of the Feynman diagrams that contribute to the nucleon matrix element of the isovector electromagnetic current to leading one-loop order in BChPT are collected. The result can be written as,
where we sum over all Feynman diagrams contributing to O(p 3 ). Thus, the result is of the following form:
Amp a = g and momenta p(x, y) = y(p − qx), q(x, y) =ȳp − xyq,
have been used. They stem from combining the different propagators via Feynman parametrization. The Feynman parameter x has solely been used to combine meson propagators or nucleon propagators, where the parameter y has been used to combine different
propagators, e.g. a meson propagator with a nucleon propagator.
